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1. INTRODUCTION 
One can define weak types of associative laws satisfied by certain 
classes of non-associative rings and discuss conditions under which any 
of these laws implies a slightly strong type of associative law, if not the 
associative law. (See for instance [l]). BOERS [2] and OUTCALT [3] have 
obtained results of this kind concerning mostly commutative rings with 
some restrictions on divisibility and which are furthermore either simple 
or prime. In this note we derive some results akin to theirs for rings 
which need not be commutative but whose only right ideals are the two 
trivial ones. 
2. PRELI~~IES 
Suppose R stands for a non-associative ring whose elements are denoted 
by al, az, . . . . Following BOERS [l], we define the n-associator as follows: 
{al, az}=am, and 
n-1 
1 al, a2, . . ., a,) = 2 ( - l)k-l{al, a2, . . ., wk+l, . .., a,}, n2 3. 
k-l 
We are mainly concerned with n-associators for which n> 3. S(n, n) will 
denote the set of finite sums of n-associators. R is said to be n-associative 
if S(n, n) = 0. We thus note that 3-associativity is in other words the 
usual associativity. 
OUTCALT has defined in [3], S(2j+ 1, 2k+ l), lc>j> 1, as the set of finite 
sums of (2j+ I)-associators {al, a.2, . . ., asj+l} satisfying the following two 
properties : (i) {al, a2, . .., azj+i) E X(Zj+ 1, 2k- 1) and (ii) at least one of 
the 2k- 1 entries in {al, aa, . .., a2,+r) belongs to 5(3, 3). We are interested 
in this paper only in 5(3, 2k+ 1). R is said to be (3, 2k+ l)-associative if 
X(3, 2k+ l)=o. 
We define R to be x-divisible (x, a non-negative integer) if xa = 0 (a E R) 
implies a= 0. It is easy to see that if R is d-divisible for every prime d 
dividing x, then R is x-divisible. Boers has proved that the converse is 
not true. (See the final preliminary remark of [2]. Indeed we expect the 
369 
reader to view the results of [3] in the light of the mistake pointed out in this 
remark.) 
Let us now give below some results which we use in our work: 
(2.1) R is n-associative + R is m-associative for m > n. 
n-2 
(2.2) {al, a2, . . . . a,}= x {al, a2, . . . . {ab, ak+l, ak+21, ..-, a,), na4. 
k=l 
(2.3) {al, a, . . . . an}= 2 al, . . . , an-2r-l){an-2r, . . ., a,>, 
when n is even. 
(2.4) R is (3, 2k+ 1)-associative + R is (2k+ 1)-associative. 
(2.1) is an immediate consequence of the definition of the n-associator. 
(2.2) and (2.3) are proved in [I], while (2.4) follows easily from (2.2). 
3. MAIN RESULTS 
We now prove 
PROPOSITION 3.1. (S(2k-1, 2k-l)+S(3, 2k+l))+(S(2k-1, 2k-l)+ 
+S(3, 2kfl)) R is a right ideal of R. (k>2.) 
PROOF. It is known that S(3, 2k+ 1) +S(3, 2k+ 1) R is a right ideal 
of R. (Lemma 2.2 of [3].) For brevity let us denote S(2k- 1, 2k - 1) by S. 
We note that (SR)R= (8, R, R)+S(R2) C S(3,2k+ 1) +SR, which proves 
the proposition. 
REMARKS. 1. The case k = 2 needs special mention. Actually S(3, 3) + 
+8(3, 3)R is even a (two-sided) ideal of R. (Theorem 1.2 of [2].) Since 
5(3,3) 2 iY(3, 5) (Lemma 2.1 of [3]), we observe that the right ideal of 
Proposition 1 for k= 2 is in fact an ideal of R. 
2. We note that 5(3, 3) fS(3, 3)R 2 (A’(& 5) +5(3, 7)) + (5(5, 5) + 
+5(3, 7))R 1 . . . I (S(2k-1, 2k-l)+S(3, 2k+l))+(S(2k-1, 2k-l)+ 
+5(3, 2k+ l))R 1 . . . is a sequence of right ideals of R. 
THEOREM 3.2. Suppose the only righht ideals of R are 0 and R. If further 
R is (3, 2k + 1)-associative a& 
2k-2 
( > 
k- 1 -divisible, then R is (2k- l)-associ- 
ative. (k>2). (See Theorem 3.5 of [2].) 
PROOF. Suppose as before S(2k - 1, 2k - 1) is denoted by X. Since 
S(3,2k + 1) = 0, I = S + SR is a right ideal of R. We have to consider only 
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the possibility I = R, as I = 0 implies S= 0. R is (3, 2k + l)-associative =+- R 
is (2k + 1)-associative (vide (2.4)) * R is (4k - 2)-associative, as 4k - 2 > 
> 2k + 1 for k > 2 (vide (2.1)). Expanding an arbitrary (4k - 2)-associator 
{ a, a2, a.., ~-2) by using (2.3), we get 0= {a, a2, *a*, a24 
{@2k, . . . . aab-a}, as one of the terms involved in every other product on 
the right hand side is an s-associator where s > 2k + 1. Since R is 
( ) 
“i 1 i -divisible we infer that 52 = 0. Now SR = S(S + SR) = - {S, S, R) C 
C S(3, 2k+ 1) = 0 C S. Thus S is a right ideal of R. If S #O, then R is a 
zero-ring (..a Ss = R2 = 0), which means that R is even associative in this 
case. 
Let us now prove the following 
COROLLARY 3.3. Suppose R contains only the two trivial right ideals. 
If R is either (3, 5)-associative and 2-divisible or (3, 7)-associative and 2 
and 3divisible, then R is associative. 
PROOF. The first part of the corollary is an immediate consequence 
of the Theorem. Suppose now R is (3, 7)-associative and 2 and 3divisible. 
Then R is &associative by the Theorem. Since it is even 6-associative 
we get S(3, 3)s= 0, applying (2.3) for n= 6 and using the fact that R is 
2-divisible. S(3, 3) +S(3, 3)R is a (right) ideal of R. Employing an argument 
exactly analogous to the one at the end of the proof of Theorem 3.2, 
we show that X(3, 3) is a right ideal of R and is even 0. 
REMARK. This corollary resembles Theorem 4.1 of [3] for k = 2 and 3. 
See also Theorem 3.2 of [2]. 
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